Summary. Kolmogoroff and Nagumo proved that the quasi-arithmetic means correspond exactly to the decomposable sequences of continuous, symmetric, strictly increasing in each variable and reflexive functions. We replace decomposability and symmetry in this characterization by a generalization of the decomposability.
Introduction
A considerable amount of literature about the concept of mean (or average) and the properties of several means (such as the median, the arithmetic mean, the geometric mean, the power mean, the harmonic mean, etc.) has been already produced in the 19th century and has often treated the significance and the interpretation of these specific aggregation functions.
Cauchy [5] considered in 1821 the mean of n independent variables x 1 , . . . , x n as a function M (x 1 , . . . , x n ) which should be internal to the set of x i values:
The concept of mean as an average is usually ascribed to Chisini [6] , who gives in 1929 the following definition (p. 108):
Let y = g(x 1 , . . . , x n ) be a function of n independent variables x 1 , . . . , x n representing homogeneous quantities. A mean of x 1 , . . . , x n with respect to the function g is a number M such that, if each of x 1 , . . . , x n is replaced by M , the function value is unchanged, that is,
When g is considered as the sum, the product, the sum of squares, the sum of inverses, the sum of exponentials, or is proportional to [( i x the duration of oscillations of a composed pendulum of n elements of same weights, the solution of Chisini's equation corresponds respectively to the arithmetic mean, the geometric mean, the quadratic mean, the harmonic mean, the exponential mean and the antiharmonic mean, which is defined as
Unfortunately, as noted by de Finetti [7, p. 378] in 1931, Chisini's definition is so general that it does not even imply that the "mean" (provided there exists a real and unique solution to the above equation) fulfils the Cauchy's internality property. The following quote from Ricci [13, p. 39] could be considered as another possible criticism to Chisini's view:
. . . when all values become equal, the mean equals any of them too. The inverse proposition is not true. If a function of several variables takes their common value when all variables coincide, this is not sufficient evidence for calling it a mean. For example, the function
equals x n when x 1 = · · · = x n , but it is even greater than x n as long as x n is greater than every other variable.
In 1930, Kolmogoroff [9] and Nagumo [12] considered that the mean should be more than just a Cauchy mean or an average in the sense of Chisini. They defined a mean value to be an infinite sequence of continuous, symmetric and strictly increasing (in each variable) real functions
satisfying the reflexive law: M n (x, . . . , x) = x for all n and all x, and a certain kind of associative law:
for every natural integer k ≤ n. They proved, independently of each other, that these conditions are necessary and sufficient for the quasi-arithmeticity of the mean, that is, for the existence of a continuous strictly monotonic function f such that M n may be written in the form
for all n ∈ N 0 (N 0 denotes the set of strictly positive integers).
